ON THE BIHARMONIC AND HARMONIC INDICES OF THE 

HOPE MAP 



E. LOUBEAU AND C. ONICIUC 

Abstract. Biharmonic maps are the critical points of the bienergy functional 
and, from this point of view, generalise harmonic maps. We consider the Hopf 
map ■(/) : S"^ ^ §^ and modify it into a nonharmonic biharmonic map cj) : S'^ ^ S'^ . 
We show (j> to be unstable and estimate its biharmonic index and nullity. Resolving 
the spectrum of the vertical Laplacian associated to the Hopf map, we recover 
Urakawa's determination of its harmonic index and nullity. 



1. Introduction 

In order to analyse the space of smooth maps between manifolds, Eells and Samp- 
son introduced in [7j the family of functionals: 

E\<P) = l [ \{d + d*)''<P\'vg, kGN* 

for maps (p ■ iM,g) {N, h). 

They quickly specialised their study to A; = 1 and called the critical points of the 
energy harmonic maps, the corresponding Euler-Lagrange equation being the 
vanishing of the tension field t((/)) = trace V^ti^. Here denotes the connection 
in the pull-back bundle cp^^TN. 

Recently, the case of the bienergy E'^ has been the subject of some scrutiny. Its 
critical points are called biharmonic maps and Jiang, in obtained the first and 
second variation formulas, showing, in particular, that a map is biharmonic if and 
only if T^(0) = 0, where t'^{4>) = —J^{T{(j))) and is the Jacobi operator of the 
second variation for the energy. As J"^ is linear, any harmonic map is biharmonic, 
so we are interested in nonharmonic biharmonic maps. 

Naturally, biharmonic submanifolds have been the first centre of attention. On sur- 
faces of revolution, Caddeo, Montaldo and Piu obtained the parametric equation of 
all nongeodesic biharmonic curves on the torus and Delaunay surfaces 0, nonmini- 
mal biharmonic submanifolds of S'^ are classified in [1], while constructions of such 
submanifolds on S" (n > 4) are presented in [Hj. 

In the presence of nonconstant sectional curvature, a parametric description of all 
nongeodesic biharmonic curves of the Heisenberg group is given in ^ , whereas In- 
oguchi classified, in (10) . the biharmonic Legendre curves and Hopf cylinders on a 
3-dimensional Sasakian space form and Sasahara gives in the explicit repre- 
sentation of nonminimal biharmonic Legendre surfaces in a 5-dimensional Sasakian 
space. 

While this results demonstrate the existence of nontrivial biharmonic maps, though 
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not in abundance, they carry little or no indication as to their global behaviour. To 
this effect, some effort has been directed towards the stability of biharmonic maps. 
As an example, the identity map — > S" and the totally geodesic inclusion map 
S"^ — > are biharmonic stable and their nullities were computed in ^Sj . In ^U] , the 
author proved that the nonminimal biharmonic Legendre surfaces in a 5-dimensional 
Sasakian space are unstable. 

The index of the inclusion §"(-1=) S"^"^ was computed in |13j, and it is ex- 
actly one. Then, were investigated the indices of biharmonic maps in the unit 
Euclidean sphere S""*"^ obtained from minimal Riemannian immersions in 
In particular, the authors showed that the index of the nonminimal biharmonic map 
§™(y/2^)^§'"^'''''^ derived from the generalised Veronese map, is at least 2m + 3. 
The present article pursues the same line of research for submersions, by modifying a 
harmonic Riemannian submersion ip : M into a nonharmonic biharmonic 

subimmersion (f> : M ^ S""*"^ which we prove to be unstable. Concentrating on 
the Hopf map : §'^(\/2) — > §^(75)) we first establish the spectrum of the vertical 
Laplacian of -0 which allows us to determine the harmonic index and nullity of ^/J, 
hence recovering Urakawa's result (cf. |25)- ^1^° ^ geometric character- 
ization of ker , and obtain an estimate of the biharmonic index and nullity of 
(j) : §^(\/2) — > the index is at least 11 and the nullity is greater than 8. 

Throughout the paper, manifolds, metrics, maps are assumed to be smooth, and 
(M, g) denotes a connected Riemannian manifold without boundary. We denote by 
V the Levi-Civita connection of {M,g), and for the curvature tensor field R we use 
the sign convention R{X,Y) = [Vx, Vy] — V[x,y]5 while the Laplacian on sections 
of (p-^TN is A* = - trace(V'^)2. 

Let 

gn(^) = §"(^) X{^j = {p={x\..., X^+\ + . . . + =4} 

be a hypersphere of S"^^(r), as proved in jjj, §"(--^) is a nonminimal biharmonic 
submanifold of S"^^(r). Indeed, let r] = ^{x^, ■ ■ ■ ,x"'~^^, — -^) be a unit section of 
the normal bundle of S"(--^) in S"'^^(r). Then, the second fundamental form of 
S'^(^) is B{X, Y) = Vdi{X, Y) = Y)r] and the tension field of the inclusion 

map i : — > S"+-'^(r) is r(i) = —jT]. Besides, by direct computation, r^(i) = 0. 

Theorem 1.1. Let M be a compact manifold and ip : M ^ a nonconstant 

map. The map cj) = \ o ip : M ^ ^"''^'^{r) is nonharmonic biharmonic if and only if 
'if) is harmonic and e{ip) is constant. 

Proof. The composition law gives 

2 

t(0) = r(V') - -ei^)r]. 
By straightforward calculations: 

A'^r(</.) = A'^r(V) + ;^e(V')T(V) + ^#(^" + 4grade(V)) 
--(4(6^)^ + 2Ae(^) - 2div0« + |r(^)|2)r,, 

and 

trace i?^"+'W(#-,r(0))d,/.- = \d^{e^) - ^e(?/^)T(V) + ^{e{i^) fr], 



ON THE BIHARMONIC AND HARMONIC INDICES OF THE HOPE MAP 3 

where 6* is a 1-form on M given by e{X) = {dij{X),T{ij)) , and 9^ G C{TM) is 
defined by = e{X), X e C{TM). 

Replacing in the biharmonic equation we obtain: 

r2((/.) = -A'^t(V') - ^d(t>{e^ + 2grade(V')) + ^(2Ae(V') - 2div0« + |r(^)p)r?. 

Assume that (f) is biharmonic. As the //-part of t^((/)) vanishes: 

2Ae(^) - 2div6iS + |t(V')P = 0. 

By Stokes, we deduce that r(^) = which imphes Ae(V') = 0, i.e. e(V') is constant. 
The converse is immediate. □ 

Corollary 1.2 If is a harmonic Riemannian immersion or submersion, 

then 4> is nonharmonic biharmonic. 

We close this section with the second variation formula for biharmonic maps in 
S"(r). 

Theorem 1.3 f jl5j). Let (j) : {M,g) — > S"(r) be a biharmonic map. The Hessian of 
the bienergy E'^ at cp is: 

H{E%{V,W)= [ {lHV),W) vg, 

JM 

with 

r'^I^{V) = r2A'^(A'^y) + A<^(trace(y,d</.-)#- -|fi</.|V) +2(dT(0),#)y 
+|t((/))| V - 2trace(y, dT{(l))-)d(l) ■ -2 trace(r(</.), dy-)d</. • 

(1.1) -(t(0), V)T{(t>) + trace(#-, A^V)d(p ■ +\ trace (#•, trace(y, dcl)-)d(j) ■ [ 



-4l#l^trace(#-,y)#- +2(dy,#)T(0) - \d4>\^ A^V + \\d(l)\^V, 
and V,W G C(0-irS"(r)). 



2. Some general properties of the hopf map ip 

Let ip ■ (-^5 g) (A^i h) be a submersion. For p £ M, call Vp = ker dipp the vertical 
space and Tip, its orthogonal complement, the horizontal space. Any X G TpM 
splits into X^ + X'^, where X^ G Vp and X'^ £ Tip, and a vector field X is basic if 
horizontal, i.e. X = X'^, and V'-related to F G C{TN), i.e. d%l)p{X{p)) = Y{'ip{p)), 
Vp e M. 

The map "0 is a Riemannian submersion if: 

Let V : S^(\/2) ^ be the Hopf map given by: 



or 



'<P(x\x^, x\x^) = ^(2x^x3 + 2x^x\ 2x^x' - 2x^x\ {x'f + {x^f - {x'f - (x^f), 
2\/2 

where z = x^ + ix^ and w = x^ + ix^. The map is a harmonic Riemannian sub- 
mersion and its fibres are totally geodesic submanifolds of S'^(-v/2)- More precisely, 
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ijj~^{^il:{z,w)) is the great circle passing through {z,w) and i{z,w) = {iz,iw). Re- 
mark that tp^, ilP' and ■^^ are harmonic homogeneous polynomials of degree 2 on 

Let X € §^{V2), y G §^(-i=) and define the vector fields: 

Xiix) = -^{-x\x\-x\x^), X2ix) = -^{-x\x\x\-x^), 

Xs{x) = — -=(— x*^, —x^, x^ , x"^), -^^4(2;) = — 7=(— a;^, x^, x"^, — x^), 
V 2 V 2 

X^{x) = -^{-x^,-x'^,x'^,x'^), Xe{x) = -^{-x^,x^,-x^,x^), 

Y,iy) = V2{-y^y\0), ^2(2/) = V2(y', 0, V), Y^iy) = ^2(0, -y\y^). 
Then: 

• {Xi, . . . , Xg} is a basis of Killing vector fields on S^(-\/2), 

'75 



{Yi, Y2,Y^} is a basis of Killing vector fields on §^(^), 



• X4 is V'-related to Yi, X5 is V'-related to I2, and Xg is V'-related to Ys, 

• {Xi,X2,X3} is a global orthonormal frame on §^(^2), 

• Xi = X]' and VS^{V2) = span{Xi}, 

• X2 = X^, X3 = X^ and m^iV^) = span{X2,X3}, 

• dipx{X2) and dipxiX^) form an orthonormal basis of T^(j.)S^(^). 
A straightforward computation yields: 

Proposition 2.1. The Levi-Civita connection on S^(\/2) is given by: 
Vxi-^i = 0, VX1X2 = -:j^^3, "^XiXs = -^^2, 



and 



[Xi,X2] = -V2X3, [X2,Xs] = -V2X1, [X3, Xi] = -V2X2. 



Recall two general properties of Killing vector fields which will be used throughout 
the paper: 

i) Let X be a Killing vector field on a compact Riemannian manifold (M, g). Denote 
by {<^t}teM its fiow, and consider / G C°°{M), then, as tpt is an isometry: 



/ f Vg= {foipt) Vg, \/t 

Jm Jm 



and deriving by t produces: 

dt 



*=o Jm Jm 
Alternatively, if X is Killing, then Xf = div{fX) and, by Stokes, Jj^{Xf) Vg = 0. 
In particular: 

/ {Xh)f2Vg=-[ h{Xf2)Vg and / {Xf)fVg=Q. 

Jm Jm Jm 

a) Having an isometry in ipt, implies A(/ o (pi) = (A/) o c^^, for any t, and, again, 
deriving by t, means that: 

A(X/) = X(A/), 
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SO, if A/ = A/, A{Xf) = X{Xf), i.e. X preserves the eigenspaces of the Laplacian. 
More specific to the Hopf map is: 

Lemma 2.2. 

dim{/ G C^{8\V2))\X^f = 0, A/ = Aafc/} = dim{/ E C°°(S2(_i.))|A/ = ^fc/}, 

where = ^^^^"^"f and fii = 21(1 + 1), k,l £N, are the eigenvalues of the Laplacians 
ofSHV2) andS^i^). 

Proof. As "0 is a Riemannian submersion and its fibres are totally geodesic (hence 
minimal) submanifolds of S^(-v/2) (see [2]): 

A(/oV') = (A/)oV', V/GC°°(S2(_i.)). 

Therefore 

T : {/ G C°°(§2(_i.))|A/ = f,J} ^ {/ G C°^{SHV2))\Xif = 0, A/ = Asfc/} 

defined by T(/) = f o ^ is an isomorphism and the lemma follows. □ 

Like any Riemannian submersion, ip : S'^(\/2) S^(^) satisfies the coarea for- 
mula (cf. 8 ): 

[, (/oV)^;3 = 2^/27^ / f Vg, V/ G C-(S2( i )). 

3. The vertical laplacian 

To a Riemannian submersion ip : (M, g) (N, h) one associates a second-order 
operator by restricting functions to a fibre and, viewing it as a submanifold, consider 
its induced Laplacian. 

Definition 3.1 ( 1 ). The vertical Laplacian is the differential operator defined 
on {M,g) by: 

(A^/)(p) = (A^-(/|^J)(p), /GC-(M), 
where A^p is the Laplace operator of the fibre Fp = ■ip~^{ip{p)). 

The fibres being isometric, the spectrum of A^ is discrete. 

Berard Bergery and Bourguignon proved in [T] that, when the fibres are totally 
geodesic, the Laplacian A on M and the vertical Laplacian commute, implying: 

Theorem 3.2 ( IJ. The Hilbert space L?'{M) admits a Hilbert basis consisting of 
simultaneous eigenf unctions for A and AY . 

Denote by {cjjjgN the eigenvalues of A^ (shared with the Laplacian A^ of a 
generic fibre F), then cq = 0, Cj > for any i > 0, and Cj — > oo when i — > oo. 
Note that the multiplicities are not necessarily finite. 

For the Hopf map, the corresponding vertical Laplacian is AY f = —XiXif. 
As Xi, and by consequence A^, preserves the eigenspaces of A, to establish the 
spectrum of the vertical Laplacian we restrict A^ to the eigenspaces of A, and 
consider the following problem: 

' A/ = Xkf 

(3.1) 



A^/ = cif. 



We prove that q = I £ {0,...,k} with multiplicity 2{k + 1), with the 

exception of Ck/2 = 0, when k is even, which has multiplicity k + 1: 
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Denote by H'^ the set of harmonic homogeneous polynomials of degree A: on C ^ 
and recall that dime H'^ = (A; + 1)^. We work in the algebra of differential operators 
on polynomials R = C [z,z,w,id] and introduce the linear operators: 

A = -4:{dzdz + dwdyj), U = zdz - zdz + wdu, - wdw 

Note that A is the usual Laplacian on C ^ and: 

[A, h] = 0, 

therefore H'^ is stable under the action of h. 

Since h = i\/2Xi, we determine the spectrum of h restricted to H'^ to solve ([Ij.ip . 
The strategy is to include h in a Lie algebra isomorphic to 5l{2, C ) acting on H*^ 
and use representation theory to deduce its spectrum. 
Let: 

e = i{wdz - zdw), f = i{wdz - zdu,)- 
One can easily check that: 

[e,f] = h, [h,e] = 2e, [h,f]=-2f, 

making g = Ce + Cf + Ch a Lie subalgebra of Endc-R isomorphic to s[(2,C). 
Moreover 

[A,e] = [A,f] = [A,h]=0, 

so H'^ is stable under the action of g and we can decompose it as a g-module. 
Recall (cf. [Hj) that there exists, up to isomorphisms, a unique g-module of dimension 
d + 1: 

£;(d) = 0cf'w, 

1=0 

where v £ E{d) is determined, up to a non-zero scalar, by: 

e{v) = 0, h{v) = dv. 

This space E{d) is called the simple g-module of highest weight d and v a highest 
weight vector. Besides, each C f'(v) is the eigenspace of h associated to the eigenvalue 
d-2l {l€ {0, i.e. 

h{f\v)) = {d-2iy{v). 
For n G {0, . . . , fc}, let fn = z"w''~"', then: 

A(/„) = 0, e(/„) = 0, h(/„) = kU, 

so /„ G H'^ spans a simple g-sub module of highest weight k, denoted by V{n), that 
is V{n) ~ E{k) as g-modules. We deduce that W = Yln=o^(''^) ^ g-submodule 
of H'^. To show that this sum is direct, and infer from dimV{n) = k + 1 that 
H'^ = ®n=o ^(^)' consider the operator: 

A = {zdz - zdz) - (wdw - wdu,)- 

Observe that: 

[A,f] = 0, A(/„) = ik- 2n)/„, A(f'(/„)) = f'(A(/,)) = (k - 2n)f'(/„). 

Therefore V{n) is the eigenspace of A associated to the eigenvalue {k — 2n), and H'^ 
is the direct sum of the V{n)^s. 

This shows that the eigenvalues of h are k — 2l, I G {0, . . . ,k} with multiplicity k + 1 
and eigenspaces ®n=o'^^''(fn)- 

In conclusion, the spectrum of the vertical Laplacian A^ = —XiXi = ^h^ is 
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I {fc_^0_ - / g |x, . . . , A;}| with multiplicity 2{k + 1), with, when k is even, of mul- 
tiplicity (k + 1). 

4. The harmonic index and nullity of ip 

The second variation of a harmonic map ip : (M, g) (N, h) is given by the 
Jacobi operator J'^ (cf. [HHHl): 

H{E%{V,W)= I {J"^{V),W)vg, 

J M 

where V,W & C{tp-'^TN) and J'^ = A*^ + trace In the case of the 
Hopf map, the Jacobi operator J'^ : C {iIj~'^T^'^ {^)) C {i^r^T^'^ {^)) is: 

J'^iV) = A'f'V + trace R''^^\d'il^,V)di; 
= A^F-Ricci^'^^^(y) 
= A'f'V-2V. 

As {X2{x), X3{x)} is a basis of 7ix, Vx G S^(-v/2), any section V can be written 
/2(iV(^2) + hdij{Xs), where /2,/3 G C^{S^{V2)), hence 

C(V"^TS2(_i.)) = {/2dV'(X2)|/2 G C°°(S3(^))} © {/3#(X3)|/3 G C~(S3(^))}. 

This sum is orthogonal with respect to the usual scalar product on C{ip~^TS'^(-^)). 
A simple computation results in: 

Lemma 4.1. If X £ C{TS^{V2)), then: 

A^{di;{X)) = di;{X -tiaceV^X) - 2 trace V^d^C ,VX). 

Using Proposition 12.11 Lemma 14.11 the features of Killing vector fields and the 
properties of the second fundamental form of a Riemannian submersion, we have: 

Lemma 4.2. The action of J"^ on C{ip~^TS'^{^)) is specified by: 

J^{f2dtP{X2)) = (A/2)dV(^2) + 2^/2(Xi/2)#(X3) 

and 

J^(/3(iV(^3)) = {Af3)d^P{X3) - 2^/2(Xi/3)#(X2) 
By LemmalO if A/2 = Afc/2 and A/3 = Afc/3, then: 

J^U2d^{X2)) = Afe/2#(X2) + 2V2(Xi/2)#(X3), 
J^(/3dV'(^3)) = A,./3#(X3) - 2V2(Xi/3)#(X2). 

Moreover, since Xi preserves the eigenspaces of the Laplacian, J'^ leaves invariant 
the subspace 

St^ = {f2d^{X2)\Af2 = Afc/2} © {/3#(X3)|A/3 = A,./3}, 

for any /c G N. If fci 7^ ^2, and are orthogonal one to the other. 

Proposition 4.3. The eigenvalues of restricted to S^^ are A^ it 2^/2c, where c 

is an eigenvalue of A^ restricted to {/ G (7°°(S'^(\/2))| A/ = Xkf}, o-nd the eigen- 
sections are: 

• if c = and X1/2 = ^1/3 = 0, then 

J^{f2dij{X2) + /3#(X3)) = A,.(/2dV(^2) + fsdtPiX^)), 
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• if c> and /SY f = cf, then 

J^{fd^{X2) + ^(Xi/)(iV(^3)) = {\k + 2^/2c){fdi,{X2) + ^(Xi/)(iV(^3)) 
y c y c 

and 

J^ifdijiX^) - ^(Xi/)dV^(X3)) = (Afc - 2V2c){fd^{X2) - ^{Xif)d^{X^)). 
y c yC 

The multiplicity of each eigenvalue of J'^ restricted to Sf^ is 2{k + 1). 

The spectrum of the vertical Laplacian (consult Section 3) means that: 
If = 0, then Ao = 0, c = and Xk ± 2V^ = 0. 

If A; = 1, then Ai = |, c = ^ (with multiplicity 4) thus Xk ± 2\/2c e {-^, |}. 

If A; = 2, then A2 = 4, c = or c = 2 and A^ ± 2^/2c G {0, 4, 8}. The multiphcity 
of c = is 3 and the multiplicity of c = 2 is 6. 

Notice that c = < ^ so, if A; > 2, Xk > 2\/2c, for any c, and the eigenvalues 

of J"^ are positive. 

nomothetic transformations do not change the spectrum of the operator thus, 
from the above analysis, we recover Urakawa's result: 

Theorem 4.4 (,21,). The Hopf map ■;/; : ^ is harmonic of index 4 and nullity 
8. 

An alternative proof of Theorem 14.41 is via a direct method: 
As J"^ preserves S^^, we find an L^-orthonormal basis of S^^, k = 0, 1 or 2, and 
compute the matrix of in this basis. Then, for k > 2, we show that restricted 
to is positive definite. The index and nullity of the Hopf map will be given by 

the matrices of the operator restricted to Sf^ : 

i) k = 0. In this case /2 and /s are constants, and an L^-orthonormal basis of Sf^ 

is 

< = {^dV'(X2),^#(X3)}, 

where = Vol(S3(\/2)). We have J^{dip{X2)) = J^{dyj{Xs)) = 0, so J^, in the 
basis B^^, is the zero matrix. 

ii) k = 1. A basis of the first eigenfunctions of the Laplacian on S'^(\/2) is {fl{x) = 
^}f=i, where 2a^ = Vol (S^(\/2)), making 



Bl = {//dV(^2)}ti U {fjd^PiXs)r 



an L^-orthonormal basis for Sf . The matrix of J"^ restricted to Sf is conditioned 

Ai Ai 

by the action of Xi , X2 and X3 on B^ : 

""'^^ - "71' ~ 71' ~ "71' ~ 71' 

V ^1 _ ^3 V fl _ fl V fl _ fl V fl — -^2 
^2/1 - X2/2 - ^, X2/3 - ^, X2/4 - 

V fl fl Y fl fs V fl fo, V fl fl 

X.fi = X,f2 = X3/3 = -j=, X,f, = 
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Calculating J^(//dV'(X2)) and J'l' {f] dil){Xz)) yields the matrix: 



/ 


3 
2 














-2 








\ 







3 
2 








2 





















3 
2 














-2 















3 
2 








2 












2 








3 
2 















-2 














3 
2 





















2 








3 
2 







V 








-2 














3 
2 


/ 



Its eigenvalues are — | and |, both of multiplicity 4. 
in) k = 2. Set: 

A^ = i(xV + xV), /| = l(xV-xV), /| = i(xV + xV), 
/| = i(xV-xV), /| = l(xV + xV), /| = i(xV-xV), 

= ^ + - - ^« = ^ - + - 

where 36^ = Vol (§^(^2)) , then {/f jf^^ is an L^-orthonormal basis of {/ e C°°(S3(^))| A/ = 
A2/}, and 

< = {/f #(^2)}Li U {/|d^(X3)}f=i 
an L^-orthonormal basis for S^^. The vector fields Xi, X2, X3 act upon by: 

r = V2/I, Xi/I = V2/I, Xi/I = 0, X,fl = -V2flX,fi = V2fl 

< 

^ Xifi = 0, Xi/I = 0, Xi/I = -V2fl Xi/I = - V2/I, 

' ^2/f = V2/I, = 0, X2/I = V2/I, X2/I = V2/I, X2/I = 0, 

< 

. X2fi = -V2fl X2/I = -V2f!, X2/I = 0, X2/I = -^/2/|, 
' = 0, X3/I = -V2fi, X^fi = V2fl Xsfi = 0, X3/I = V2fl 

< 

. Xsfi = V2fi, X3/I = -V2/I, X3/I = -V2/I, X3/I = 0. 

Prom these relations, J'^ clearly preserves the subspaces generated by: 

B, = {f?diP{X2), /|#(X2), /|dV(X2)} U {f^diPiXs), fld^l,{X^)Jldi^{X^)}, 

B2 = {-fid^{X2), fU^{X2),fld^P{X2)] U {-/|dV(^3), fid^iXs), /|ciV(X3)}, 

and 

B3 = {/|#(^2), /7#(^2), -/|#(^2)} U {f!d^{Xs), /|#(X3), -/|dV'(X3)}, 
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and is represented by the same matrix in any of these three bases: 



/ 4 














4 \ 





4 




















4 


-4 














-4 


4 




















4 






















of eigenvalues 0, 4 and 8, all of multiplicity 2. 

iv) For k > 2, restricted to Sf is positive definite. Indeed, the equality: 



(j'^(/2dV'(X2)+/3dV'(X3)),/2(i^(X2)+/3#(X3)) 



2)' + (/3)')-4V2(Xi/3)/2 



^9' 



calls for an upper bound of | /§3^^^(-^i/3)/2 Vg\: 

By Theorem rr:^ consider an L^.orthonormal basis {/f , . . . , /^^^ } of {/ G C°°(S^(\/2))| A/ 

Xkf} such that = Ciff, for any i G {1, . . . ,m\^}, being the multiplicity 

of Afc. We have: 



i=i 1=1 



and 



(^1/3)' 



(A^/3)/3 V, 



a'aa^fl'f^ Vg=Y^ a'aaHij = ^{a'fa 



1=1 



where c = maxjci, . . . , Cm^ }• Plugging in the Cauchy inequality 



S'(v^) 



(^l/3)/2 V, 



< 



S'(v^) 



(^1/3)' Vg 



yields: 

f, {Xifz)f, 



and 



2Vg 



(j^(/2dV'(X2)+/3(iV(X3)), /2#(X2)+/3#(X3)) > (A-2V2^) / (/2)' + (/3)' ^^s- 

J'S> {V2) 

hence is positive definite. 

Finally, from the eigenvalues of the above matrices, we reobtain that tp has index 
4 and nullity 8. 
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4.1. Description of ker J'^. 

Theorem 4.5. The Hopfmap ip : S^(\/2) S^(^) is a harmonic map whose Jacobi 
operator is negative definite on {(iV'(grad /i)|A/i = Ai/i} C C(V'~^T§^(-ij)). 

Proof. Recall that is negative definite on 

{fdi^{X2) - V2{X,f)di;{Xs)\Af = Ai/}, 

so f{x) = {u,x), u G M^, and fi{x) = {v,x), where v = V^i—u^iW^jU^t—u^), 
satisfies: 

fd^{X2) - V2{XJ)d^{X3) = {X2h)d^{X2) + {X^h)dij{X^) = dV'lgrad/i). 

n 

Proposition 4.6. Let X = /2X2 + /3X3 he a horizontal vector field, where /2, /a G 
C°°(S3(V2)). Then X is basic if and only if 

A^/2 = 2/2 and f^ = -l={X,f2). 
Proof As di;iX2) = 6(/|, fl -fl) and ^^(Xg) = -/|, -/|): 

#(/2^2 + /3X3) = 6(/2/| + /3/2', f2fl - fsfi, -/2/I - /3/I), 

and X = /2X2 + 73-^^3 is basic if and only if: 

' ^l(/2/| + /3/|)=0 
< ^l(/2/f-/3/|) = 
. ^l(/2/| + /3/|)=0. 

' (X1/2) + x/2/3 = 

1 (X1/3) - V2/2 = 
and this system is equivalent to A^/2 = 2/2 and fs = —^{Xif2). □ 

This enables a characterization of ker J'^ . 

Proposition 4.7. Let X = /2X2 + /3X3, A/2 = Afc/2 and A/3 = Ajk/3. Then 
dtp{X) G ker J'^ if and only if k = or k = 2 and X is basic. 

Proof We saw that, if dipiX) £ ker J'^, k must be or 2. 

If A; = 0, /2 and fs are constants, and if A; = 2, ker J^^^ = {fdil){X2) — 

^iXif)dil;{Xs)\AV f = 2/}. But X = fX2~ ^(Xi/)X3, where A^/ = 2/, 
is a basic vector field. □ 

An even more precise description is: 
Theorem 4.8. The kernel of the Jacobi operator of the Hopf map is: 
{d^iX)\X G CiTS\V2)),Xis i^^//m5}e{(grad/)oV'|/ G C~(S2(-i=)),A/ = Ml/}. 
Proof. First note that: 

{Y o G CiTS\^)),Y is Killing} = span{dV(^4), #(^5), c^V'C^e)} C S^, 
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and, as for any / G C'°°(S^(-^)) we have (grad/) o if) = dV'(grad(/ o ?/;)), 

{(grad/)oVl/G C°°(S2(_ij)),A/=^i/} = {d^(grad(/ o V'))} C Sf^. 
As X"^, Xy-, Xq- and grad(/ o are basic, by Proposition 14.71 
{Y o ^jj\Y G C(r§2(_i^)), y is Kihing} C ker 

and 

{(grad/)oVl/GC-(S2(_i=)),A/ = /.i/} CkerJ^. 

Since bothlyoV^jy g C(TS2(_1j)), y is Kihing} and {(grad /)oV'|/ g C°°(S2(^)), A/ = 
//i/} have dimension 3 and ip has nuhity 8: 

kerJ'^ = span{ci^(X2),(iV(^3)} 

e{y o g c{t^^{^)),y is Kihing} 

e{(grad/) o V^l/ G C-(S2(_ij)), A/ = ^ij). 

As 

G (:7(TS^(\/2)),X is Kihing} = span{d'(/'(^2), ^^(^s)} 

®{Y o V^|y G C(rS2(_i^)), y is Kihing}, 

the theorem fohows. □ 

Remark 4.9. Theorem 14.81 can be proven differently: 

If X is Killing, then A'^(dV(^)) = 2dip{X) and so J^f^idi^iX)) = 0. 
Furthermore, if Y G C{TS^{^)), one computes that: 

J^{Y o V) = J^y) o ^ = {Ah{Y) - 4Y) o ip, 
where 1 : S2(^) ^ S^j-,!^) ig identity map. As the eigenvalues of Ajj on S (^) 
are {2{k + l){k + 2)\k G N}, J'^iYoip) = if and only if y is Killing or y = grad/ 
where / G C'°°(S^(-^)) and A/ = /Ui/. Now, a simple dimension count implies 
Theorem 14.81 

5. The biharmonic index and nullity of 

By definition, any harmonic map is a minimum of the bienergy, thus biharmonic 
stable. To ascertain the (biharmonic) nullity of the Hopf map i{j '■ S^(\/2) — > §^(75)1 
we need: 

trace(y,dV'-)#- = V, \dip\'^ = 2, 

trace(dV-, A^y)(iV- = ^^V, trace(#-, trace(dV'-, V)d4j-)dtp- = V, 
and, replacing in Hl.lf) . we obtain: 

i^{v) = A'^A'^(y) -4A'^y + 4y 
= j^(j'^(y)). 

Again, since homothetic transformations do not alter the spectrum of the operator 
I"^, we attain: 

Theorem 5.1. The Hopf map ip : ^ S'^ is biharmonic stable and its biharmonic 
and harmonic nullities coincide, i.e. equal 8. 
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6. On the BIHARMONIC INDEX AND NULLITY OF (p 



Recall that, if -0 : M — > §""(-1=) is a nonconstant harmonic map of constant energy 
density, then (p = \ o ijj : M ^ S""^-^ is nonharmonic biharmonic. As to its stability 
we have: 

Theorem 6.1. Let M he a compact manifold and : {M,g) — > §""(-7=) a noncon- 
stant harmonic map of constant energy density. The map cf) = i o tp : M ^ S""^^ is 
biharmonic unstable. 

Proof. Simple considerations furnish: 



trace(r/, = 0, |#p = 2e(V'), {dT{(j)),d(j))r] = -4{e{'ip)fri, 

|r((/))|^ = 4(e(^/;))^, trace(r?,(ir(0)-)#- = 0, trace(T((/)), dr/-)(i</)- = 0, 
{T{cl)),rj)T{^) = A{e{i;)fv, trace(#-, A^rj)d^- = (A'^r?)^, {dr,, d^)T{^) = -4(e(V))'r?, 
and, by (dHJ: 



Jm 

Since A'^rj = 2e{'ip)ri, {I'^{ri),rf) is strictly negative, i.e. (p is biharmonic unstable. □ 

For the Hopf map, we set V = d<p{X), where X e C{T^^{^/2)) and, to find I't'{V), 
evaluate the terms: 

trace(y,#-)#- = ^> \d<P? = 2, {dT{<j)),d(l))V = -W, |r(</>)|V = AV, 
trace(F, dT{(t)y)d(p- = -2V, tvace{T{(p),dV-)d<p- = 2V, (t(0), V)t{<P) = 0, 
trace(#-, A'^y)#- = {A^V^ , {dV,d(p)T{(P) = trace(V'^#(X), (iV')T(0). 
Replacing in we reach: 

I'f'iV) = A'^A'^V - 3A'^V + (A<^y)^ -3V + 2trace(V^#(X), 
Now, A't'V can be written 



thus, if /2, /3 G C^{S\V2)) with A/2 = Afc/2 and A/3 = Afc/3, 

A^{dij{f2X2)) = {Xk + 2)/2#(X2) + 2V2{Xif2)d<P{Xs), 

A^idijifsXs)) = {Xk + 2)fsd^{Xs) - 2V2{Xifs)d4>{X2), 
trace(V^#(/2X2),dV')77 = (^2/2)??, trace(V'^#(/3X3), #)r? = (X3/3)r?, 



/<^(/2#(X2)) = (((Afc)2 + 4Afc)/2-8(XiXi/2)-4(X2X2/2))d</.(X2) 




A*y = A'^V + 2 trace(V'^#(X), dV')/? + V, 



therefore 



+ {4V2{Xk + 2)(Xi/2) - 4(X3X2/2))d</.(X3) 
+ (4Afc(X2/2) +4^/2(X3Xi/2))7?, 



I't'{f^d<t>{X^)) = ( - AV2{Xk + 2)(Xi/3) - 4(X2X3/3))#(X2) 



+ (((Afc)2 + 4Afe)/3 - 8(XiXi/3) - 4(X3X3/3))#(X3) 

+ (4Afe(X3/3) - 4V2(X2Xi/3))r?. 



Set = /77, where / G C°°(§^(^/2)), accordingly: 

I<t>{W) = A^A'f'W - AA^W + (A^W)'^ - 12W + 4d(^(grad/) 



14 



E. LOUBEAU AND C. ONICIUC 



and 

A'^W = (A/ + 2f)n - 2{X2f)dcj>{X2) - 2{X^f)dcj>{X^). 
life C~(S2(V2)) with A/ = Xkf: 

^Hfv) = (-4Afe(X2/) + 4V2(XiX3/))#(X2) 
+ ( - 4Afc(X3/) - 4V2(XiX2/))#(X3) 
+ (((Afc)2 - 16)/ - 4(X2X2/) - 4(X3X3/))r?. 

As Xi, X2 and X3 preserve the eigenspaces of the Laplacian, I'f' preserves the 

subspace 

si = {/2d0(X2)|A/2 = Xkf 2} © {/3#(X3)|A/3 = Afe/3} © {/r?|A/ = X^f}, 
for any /c G N. 

In order to determine the index of /"^ we follow the same approach as for . 
i) k = 0. In this case 

< = {^#(^2),^#(X3),^r?} 

is an L^-orthonormal basis for Sf^, where = Vol(S3(^)). As /'^(#(X2)) = 
I'l'{d(t){X3)) = and J'^(r/) = -16r/, the matrix of I'l' in is 

\ 
. 
-16 / 

a) k = 1. An L^-orthonormal basis for is 

< = {//#(X2)}ti U {//#(X3)}|=i U {/MLi- 

Computing I^(/i#(X2)), I<^(//#(X2)) and /'^(/i#(X2)), G {1, ... ,4} sup- 

plies the matrix 



57 
4 














-12 














-V2 





\ 





57 
4 








12 




















V2 










57 
4 














-12 


V2 






















57 
4 








12 








-V2 













12 








57 

4 




















-V2 




-12 














57 

4 














-V2 
















12 








57 
4 








V2 
















-12 














57 
4 


V2 



















V2 














V2 


39 
4 






















-V2 








V2 








39 
4 










-V2 














-V2 














39 
4 










V2 








-V2 




















39 
4 


/ 



of eigenvalues + 2\/l0, - 2\/T0 and all three of multiphcity 4. 

iii) k = 2. = {/2#(X2)}tiU{/|d0(X3)}9^iU{/2,?}9^^ is an L^-orthonormal 
basis of S'^^. As in the harmonic case, it is enough to compute the matrix of I*^ in 

{//d(^(X2)}ie{i,6,8} U {/|o?(?!)(X3)}jg{i,6,8} U {/fc??}jk6{ 1,6,8}- 
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This matrix is 
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/ 




n 


n 


n 


n 


40 


n 


8\/2 

o V ^ 





\ 







40 














-16^2 


















48 


-48 



























-48 


48 

































40 











16^2 






40 














56 





-8^2 












-IQV2 














8 












8^2 














-8^2 





16 







V 














16x/2 
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and its eigenvalues are 0, 96, 24 + 16^3, 24 - 16^3, of multiplicity two, and 32 of 
multiplicity one. 

iv) k>2.LetV = /2#(X2) + /3#(X3) + fr], where A/2 = Afc/2, A/3 = Xkfs, 
= Afe/. By a straightforward computation: 



{iHv),v) 



+4(^2/2 + Xsfsf + (2^(Xi/2) - 2(X3/))' + (2^(Xi/3) + 2{X2f)y 
-8V2{\k + 2)(Xi/3)/2 - 8Afc(X2/)/2 - 8Afc(X3/)/3) Vg 

> ^3^^^ {{{h? + 4Afe)(/2)2 + {{Xkf + 4A,)(/3)2 + ((A,)^ - 16) f 
-8V2(Afe + 2)(Xi/3)/2 - 8Afc(X2/)/2 - 8\k{Xsf)h) Vg 



As 



we obtain 



{Xih)h V, 



2 J8\V2) 



ilHv),V) > [ (((Afc)2 + 4Afe-4v^(Afc + 2)-4AfeV^)((/2)2 + (/3)2) 
+ ((Afe)2-8AfcVS-16)/2) Vg. 
Let A = (Afc)2 + 4Ajk - 4A/2c(Afe + 2) - AXk^/c and B = (Afe)^ - 8Xky/c - 16, then 
A > ^^^^^ + 2k{k + 2) - 2k{k{k + 2) + 4) - V2k^{k + 2) > 0, V/fc > 12 



and 



B> J -2V2fc^(fc + 2) - 16 > 0, VA;>10. 



Therefore, /"^ restricted to is positive definite for any A; > 12. 
Prom this analysis we conclude: 

Theorem 6.2. The index of the biharmonic map (f) : ^ is at least 11 while 
its nullity is bounded from bellow by 8. 
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6.1. The basic biharmonic index and nullity of (p. Let S be the subspace of 
C{())~^T§^) defined by: 

s = {Xo^l^\xe C{TS\^^))} e {{fomf e c°°(.s\^^m. 

Set V = X o ^ and W = frj, where f = f o ip- We have: 

I'I'iV) = A'l'A^V - 3A^V + {A'^vy - 3V - 4((divX) o V)??, 
I'I'{W) = A'^'A'I'W - AA'^'W + (A*l^)^ - 12W + 4(grad /) o tp, 
A^V = iX - trace V^X) o ^ + 2((divX) o ^)r/ = (A'X) o ^, 
A'^(/?7) = ((A/ + 2/) o V')r? - 2(grad/) o ^ = {A\frj)) o V', 
where i : S'^ is the canonical inclusion. From these relations we deduce 

that I'f'iV) = (PiX)) o -0 and I'>'iW) = (Pifrj)) o t^, so preserves the subspace 
5 and the restriction of to S, I^g, has the same spectrum as Thus, using 
Propositions 5.1. and 5.2. in [T^ we conclude: 

Theorem 6.3. The index of 1^^ is 1 and its nullity is 6. Moreover, the subspace 
which gives the index of I^g is {cri\c G M} and the subspace which gives the nullity 
is {X o ^\X is Killing} {2(/o ^)r/ + (grad/) o ^|A/ = mf}. 
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